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Abstract
If the cyclic sequence of faces for all the vertices in a polyhedral map are of the same
types then the map is said to be a Semi-equivelar map. In this article we classify all
semi-equivelar and vertex transitive maps on the surface of Euler genus 3, i.e., on the
surface of Euler characteristic −1.
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1 Introduction
Recall that a map is a connected 2-dimensional cell complex, or, equivalently, a cellular
embedding of a connected graph in a surface. In this article a map will mean a polyhedral
map on a surface. An automorphism of a map is a permutation of the set of vertices that
preserves incidence with edges and faces of the embedding. A map X is said to be vertex-
transitive if the group of all automorphism, denoted Aut(X) acts transitively on the set
V (X) of vertices of X.
For a vertex u in a mapX, the faces containing u form a cycle (called the face-cycle at u)
Cu in the dual graph of X. So, Cu is of the form (F1,1- · · · -F1,n1)- · · · -(Fk,1- · · · -Fk,nk)-F1,1,
where Fi,ℓ is a pi-gon for 1 ≤ ℓ ≤ ni, 1 ≤ i ≤ k, pr 6= pr+1 for 1 ≤ r ≤ k− 1 and pn 6= p1. A
map X is called semi-equivelar (see [3]) if Cu and Cv are of same type for all u, v ∈ V (X).
More precisely, there exist integers p1, . . . , pk ≥ 3 and n1, . . . , nk ≥ 1, pi 6= pi+1 (addition in
the suffix is modulo k) such that Cu is of the form as above for all u ∈ V (X). In such a case,
X is called a semi-equivelar map of type [pn11 , . . . , p
nk
k ] (or, a map of type [p
n1
1 , . . . , p
nk
k ]).
Clearly, vertex-transitive maps are semi-equivelar. A semi-equivelar map of type [pq] is also
called an equivelar map.
We present the complete classification of semi-equivelar maps on the surface of Euler
char. −1 in this article. In 2006 Datta and Upadhyay (see [5]) have given the complete
classification of equivelar maps on the double torus. Further Nedela and Karabas (see
[9, 10]) worked along similar lines and classified all the Archimedean maps on orientable
surfaces of Euler characteristics −2, −4 and −6. In particular, they have shown that there
are seventeen isomorphism classes of Archimedean maps with eleven distinct face sequences,
namely, of types [35, 41], [34, 42], [34, 81], [32, 41, 31, 61], [31, 44], [31, 41, 81, 41], [31, 61, 41, 61],
1
[43, 61], [62, 81], [41, 81, 121], [41, 61, 161] on the orientable surface of Euler char. −2. As
an orientable closed surface of Euler charecteristics −2 is double cover of non-orientable
closed surface of Euler characteristics −1. Tiwari and Upadhyay have shown that out of
the semi-equivelar maps of above types on the double torus only those with face sequences of
types [31, 41, 81, 41], [62, 81] and [41, 61, 161] exist on the surface of Euler characteristics −1.
Bhowmik and Upadhyay have shown that there is exactly one map of type [31, 41, 31, 42] on
the surface of Euler characteristics −1. We present the complete list of semi-equivelar maps
on the surface of Euler characteristics −1. We also show that none of these semi-equivelar
maps are vertex-transitive. To avoid redundancy of use of terms, we use K to denote the
surface of Euler characteristic -1. We begin with following known results :
Proposition 1.1. ([1]) Let X be a semi-equivelar map of type [pn11 , . . . , p
nk
k ] on the surface
of Euler characteristic −1. If [pn11 , . . . , p
nk
k ] = [3
1, 41, 31, 42] then there is a unique map of
this type.
Proposition 1.2. ([8]) Let X be a semi-equivelar map of type [pn11 , . . . , p
nk
k ] on the surface
of Euler characteristic −1. If [pn11 , . . . , p
nk
k ] = [3
5, 41] then there are exactly three different
maps.
Proposition 1.3. ([11]) Let X be a semi-equivelar map of type [pn11 , . . . , p
nk
k ] on the surface
of Euler characteristic −1. If [pn11 , . . . , p
nk
k ] = [3
1, 41, 81, 41], [62, 81] or [41, 61, 161] then there
are exactly two maps of each type up to isomorphism.
In this article we show the following :
Theorem 1.4. Let X be a semi-equivelar map on the surface of Euler characteristic −1
then the X is of types [35, 41], [31, 41, 31, 42], [31, 41, 81, 41], [41, 61, 161], [62, 81] or [43, 51].
Theorem 1.5. Let X be a semi-equivelar map of type [pn11 , . . . , p
nk
k ] on the surface of Euler
characteristic −1. If [pn11 , . . . , p
nk
k ] = [4
3, 51] then there are exactly three non-isomorphic
maps of this type.
Thus, we know the complete list of semi-equivelar maps on the surface X of Euler
characteristic −1. From [1, 8, 11] we know that the maps on X of types [35, 41], [62, 81],
[31, 41, 31, 42], [31, 41, 81, 41], [41, 61, 161] are not vertex-transitive. Here, we have the follow-
ing :
Theorem 1.6. The maps of type [43, 51] on the surface of Euler characteristic −1 are not
vertex-transitive.
We know that every vertex-transitive map is semi-equivelar. Now, from the above
results, none of the semi-equivelar map on the surface of Euler char. -1 is vertex-transitive.
So, there does not exist any vertex transitive map on the surface of Euler characteristic −1.
2 Some semi-equivelar maps
Example 2.1. Three semi-equivelar maps of type [43, 51] on the surface of Euler charac-
teristic -1
2
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Figure 1: Semiequivelar map of type [43, 51]
The complete list of semi-equivelar maps on the surface of Euler genus 3 given in tabular
form :
S. No. Type Maps Ref.
1 [43, 51] K1, K2, K3
2 [41, 61, 161] K4, K5 (see [11])
3 [31, 41, 81, 41] K6, K7 (see [11])
4 [62, 81] K8, K9 (see [11])
5 [31, 41, 31, 42] K10 (see [1])
6 [35, 41] K11, K12, K13 (see [8])
Table 1
This leads to the following :
Theorem 2.2. There are exactly 13 non-isomorphic semi-equivelar maps on the surface of
Euler genus 3, listed in Table 1. None of these are vertex transitive.
The proof of this theorem is follows by Theorem 1.6 and [1, 8, 11].
3
3 Proof of Theorem 1.4
Let F1- · · · -Fm-F1 be the face-cycle of a vertex u in a map. Then Fi∩Fj is either u or an edge
through u. Thus the face Fi must be of the form ui+1-u-ui-Pi-ui+1, where Pi = ∅ or a path
& Pi∩Pj = ∅ for i 6= j. Here addition in the suffix is modulom. So, u1-P1-u2- · · · -um-Pm-u1
is a cycle and said to be the link-cycle of u. For a simplicial complex, Pi = ∅ for all i, and
the link-cycle of a vertex is the link of that vertex.
A face in a map of the form u1-u2- · · · -un-u1 is also denoted by u1u2 · · · un. The faces
with 3, 4, . . . , 10 vertices are called triangle, square, . . . , decagon respectively.
We need the following technical proposition from [2] to prove Lemma 3.2 which follows
it.
Proposition 3.1 (Datta & Maity). If [pn11 , . . . , p
nk
k ] satisfies any of the following three
properties then [pn11 , . . . , p
nk
k ] can not be the type of any semi-equivelar map on a surface.
i There exists i such that ni = 2, pi is odd and pj 6= pi for all j 6= i.
ii There exists i such that ni = 1, pi is odd, pj 6= pi for all j 6= i and pi−1 6= pi+1.
iii [pn11 , . . . , p
nk
k ] is of the form [p
1, qm, p1, rn], where p, q, r are distinct and p is odd.
(Here, addition in the subscripts are modulo k.)
Lemma 3.2. Let X be an n-vertex map on the surface of Euler characteristic χ = −1 of type
[pn11 , . . . , p
nℓ
ℓ ]. Then (n, [p
n1
1 , . . . , p
nℓ
ℓ ]) = (12, [3
5, 41]), (42, [34 , 71]), (20, [32, 41, 31, 51]), (12,
[31, 41, 31, 42]), (24, [34, 81]), (42, [31, 41, 71, 41]), (24, [31, 41, 81, 41]), (15, [31, 53]), (12, [31, 61,
41, 61]), (21, [31, 71, 31, 71]), (84, [41, 61, 141]), (48, [41, 61, 161]), (40, [41 , 81, 101]), (24, [62 , 81]),
(42, [31, 142]), (42, [71 , 62]), (20, [43, 51]).
Proof. Let f1, f2 be the no. of edges and faces of X respectively. Let f0 = n. Let d be the
degree of each vertex. Consider the k-tuple (qm11 , . . . , q
mk
k ), where 3 ≤ q1 < · · · < qk, for
each i = 1, . . . , k, qi = pj for some j, mi =
∑
pj=qi
nj. Let xi be the no. of i-gons in X. So,∑
imi =
∑
j nj = d and 3f2 ≤ 2f1 = f0d. Clearly, (the no. of qi-gons) × qi = n ×mi and
hence f2 = n× (
m1
q1
+ · · ·+ mk
qk
). Since χ = −1, we get −1− f0 = f2− f1 ≤ (f0×d)/3− f1 =
−(f0 × d)/6. Thus, (d− 6)f0 ≤ −6χ and hence d ≤ 6 since f0 ≥ 7. So, d = 3, 4, 5 or 6.
Case 1. Assume d = 6. Then, f1 = 3 × f0,
∑
ni = 6, 6f0 = 2f1 =
∑
(i × xi). Therefore,
f2 =
∑
xi ≤ 2f0 and f2 = −1 − f0 + f1 = −1 − f0 + 3f0 = 2f0 − 1. So,
∑
xi = 2f0 − 1
and 3
∑
xi + 3 = 6f0 =
∑
ixi, i.e., 3 = x4 + 2x5 + 3x6 + . . . . Hence, xi = 0 for i ≥ 7.
So, (x4, x5, x6) = (3, 0, 0), (1, 1, 0), (0, 0, 1). If (x4, x5, x6) = (3, 0, 0) then (q
m1
1 , . . . , q
mk
k ) =
(3ℓ1 , 4ℓ2) and ℓ1 + ℓ2 = 6. So, −1 = n− 6n/2 + nℓ1/3 + nℓ2/4 = −2n+ n(ℓ1/3 + ℓ2/4), i.e,
12 = 6n−nℓ1, i.e., 12 = n(6− ℓ1). Thus, ℓ1 = 5 since n ≥ 7. Hence, [p
n1
1 , . . . , p
nℓ
ℓ ] = [3
5, 41]
& n = 12. (x4, x5, x6) = (1, 1, 0) implies (q
m1
1 , . . . , q
mk
k ) = (3
4, 41, 51). This gives, n(X) =
60/13, which is not an integer. So, (x4, x5, x6) 6= (1, 1, 0). Clearly, (x4, x5, x6) 6= (0, 0, 1) as
xi ≥ 3.
Case 2. Assume d = 5. Then, f1 = 5f0/2 & 6f1−10 = 10f2, i.e., 3×
∑
i×xi−10 = 10
∑
xi.
Therefore,
∑
i≥4(3× i− 10)xi − 10 = x3.
Let (qm11 , . . . , q
mk
k ) = (3
4, i1). Then, 4f0 = 3x3, f0 = ixi. Hence, x3 = (3i − 10)xi − 10,
i.e., 30i = (5i − 30)f0. So, f0 = 6i/(i − 6). Hence, (i, f0, xi, x3) = (7, 42, 7, 56), (8, 24, 3, 32)
as xi ≥ 3. So, (n, [p
n1
1 , . . . , p
nℓ
ℓ ]) = (42, [3
4, 71]), (24, [34 , 81]).
Let (qm11 , . . . , q
mk
k ) = (3
3, i2). Then, f0 = x3, 2f0 = ixi. So, x3 = (3i − 10) × xi − 10,
i.e., f0 = 2i/(i − 4). Hence, (i, f0, xi, x3) = (5, 10, 4, 10) as xi ≥ 3. Clearly, (i, f0, xi, x3) 6=
4
(5, 10, 4, 10) since face-cycle of a vertex in X contains 10 (= f0) vertices, which is not
possible as edge graph of X is not complete.
Let (qm11 , . . . , q
mk
k ) = (3
3, i1, j1), i < j. Then, f0 = x3, f0 = ixi, f0 = jxj . So, x3 =
(3i−10)×xi+(3j−10)×xj−10, i.e., f0 = 2ij/(ij−2j−2i), i < j. Hence, (i, j, f0, xi, xj , x3) =
(4, 5, 20, 5, 4, 20) as xi, xj ≥ 3. Thus, (n, [p
n1
1 , . . . , p
nℓ
ℓ ]) = (20, [3
2, 41, 31, 51]) by Prop. 3.1.
Let (qm11 , . . . , q
mk
k ) = (3
2, i1, j1, k1), i < j < k. By Prop. 3.1, [pn11 , . . . , p
nℓ
ℓ ] = [3
1, i1, 31,
j1, i1], [31, i1, 31, i2]. Let [pn11 , . . . , p
nℓ
ℓ ] = [3
1, i1, 31, j1, i1]. Then, 2f0 = 3x3, 2f0 = ixi, f0 =
jxj . So, x3 = (3i − 10) × xi + (3j − 10) × xj − 10, i.e., f0 = 6ij/(5ij − 12j − 6i), i < j.
Hence, (i, j, f0, x3, xi, xj) = (3, 7, 42, 28, 28, 6), (3, 8, 24, 16, 16, 3), (4, 4, 12, 8, 6, 3) as xi, xj ≥
3. Thus, (n, [pn11 , . . . , p
nℓ
ℓ ]) = (42, [3
4, 71]), (24, [34 , 81]), (12, [31, 41, 31, 42]). Let [pn11 , . . . , p
nℓ
ℓ ]
= [31, i1, 31, i2]. Then, 2f0 = 3x3, 3f0 = ixi. So, x3 = (3i−10)×xi−10, i.e., f0 = 6i/(5i−18).
Hence, (i, f0, xi, x3) = (4, 12, 9, 8). Thus, (n, [p
n1
1 , . . . , p
nℓ
ℓ ]) = (12, [3
1, 41, 31, 42]).
Let (qm11 , . . . , q
mk
k ) = (3
1, i1, j1, k1, ℓ1), i < j < k < ℓ. By Prop. 3.1, [pn11 , . . . , p
nℓ
ℓ ] =
[31, i1, j1, k1, i1]. So, f0 = 3x3, 2f0 = ixi, f0 = jxj , f0 = kxk. Therefore, x3 = (3i − 10) ×
xi + (3j − 10)× xj + (3k − 10)× xk − 10, i.e., f0 = 6ijk/(7ijk − 12jk − 6ik − 6ij). Hence,
(i, j, k, f0, x3, xi, xj , xk) = (4, 4, 3, 12, 4, 6, 3, 4), (4, 3, 4, 12, 4, 6, 4, 3), (3, 8, 3, 24, 8, 16, 3, 8),
(3, 7, 3, 42, 14, 28, 6, 14), (3, 3, 8, 24, 8, 16, 8, 3), (3, 3, 7, 42, 14, 28, 14, 6) as xi, xj , xk ≥ 3. Thus,
(n, [pn11 , . . . , p
nℓ
ℓ ]) = (12, [3
1, 42, 31, 41]), (24, [34 , 81]), (42, [34, 71]).
Case 3. Assume d = 4. Then, f1 = 2f0 & f1 − 2f2 = 2. Thus,
∑
i≥5(i− 4)xi = x3 + 4.
If (qm11 , . . . , q
mk
k ) = (3
3, i1). Then, 3f0 = 3x3, f0 = ixi. Hence, 4 + x3 = (i − 4)xi, i.e.,
f0 = −i. So, (q
m1
1 , . . . , q
mk
k ) 6= (3
3, i1).
Let (qm11 , . . . , q
mk
k ) = (3
1, i1, j1, k1). By Prop. 3.1, [pn11 , . . . , p
nℓ
ℓ ] = [3
1, i1, j1, i1]. Let
[pn11 , . . . , p
nℓ
ℓ ] = [3
1, i1, j1, i1]. Then, f0 = 3x3, 2f0 = ixi, f0 = jxj . So, 4+x3 = (i−4)×xi+
(j−4)×xj , i.e., f0 = 3ij/(2ij−3i−6j). Hence, (i, j, f0, x3, xi, xj) = (4, 7, 42, 14, 21, 6), (4, 8,
24, 8, 12, 3), (5, 4, 60, 20, 24, 15), (5, 5, 15, 5, 6, 3), (6, 4, 12, 4, 4, 3), (7, 3, 21, 7, 6, 7), (8, 3, 12, 4, 3,
4) as xi, xj ≥ 3. Thus, (n, [p
n1
1 , . . . , p
nℓ
ℓ ]) = (42, [3
1, 41, 71, 41]), (24, [31 , 41, 81, 41]), (60, [31 , 51,
41, 51]), (15, [31, 53]), (12, [31, 61, 41, 61]), (21, [31 , 71, 31, 71]), (12, [31 , 81, 31, 81]). Observe that
[pn11 , . . . , p
nℓ
ℓ ] 6= [3
1, 81, 31, 81] since face-cycle of a vertex contains 15 vertices and 15 > 12,
& [pn11 , . . . , p
nℓ
ℓ ] 6= (60, [3
1, 51, 41, 51]) by Prop. 3.1.
Let (qm11 , . . . , q
mk
k ) = (i
1, j1, k1, t1). Then, f0 = ixi, f0 = jxj , f0 = kxk, f0 = txt. Thus,
f1− 2f2 = 2, i.e., 4 = (i− 4)mi + (j − 4)mj + (k− 4)mk + (t− 4)mt, i.e., f0 = ijkt/(ijkt−
jkt − ikt − ijt − ijk). Hence, (i, j, k, t, f0) = (4, 4, 4, 5, 20). Therefore, (n, [p
n1
1 , . . . , p
nℓ
ℓ ]) =
(20, [43, 51]).
Case 4. Assume d = 3. Then, 2f1 = 3f0 & f1−3f2 = 3. Thus, (i−6)mi+(j−6)mj+(k−
6)mk = 6. Let (q
m1
1 , . . . , q
mk
k ) = (i
1, j1, k1). By Prop. 3.1, [pn11 , . . . , p
nℓ
ℓ ] = [i
1, j1, k1]. So,
f0 = imi, f0 = jmj , f0 = kmk. Thus, f0 = 2ijk/(ijk−2ij−2ik−2jk). If i, j, k are even then
(i, j, k, f0,mi,mj ,mk) = (4, 6, 14, 84, 21, 14, 6), (4, 6, 16, 48, 12, 8, 3), (4, 8, 10, 40, 10, 5, 4), (6,
6, 8, 24, 4, 4, 3). Thus, (n, [pn11 , . . . , p
nℓ
ℓ ]) = (84, [4
1, 61, 141]), (48, [41, 61, 161]), (40, [41, 81,
101]), (24, [62, 81]). If i, j or k is odd then by Prop. 3.1, [pn11 , . . . , p
nℓ
ℓ ] = [i
1, j2] if i is
odd. So, f0 = ixi, 2f0 = jxj . Hence, 6 = (i − 6)mi + (j − 6)mj , i.e., f0 = 2ij/(ij − 2j −
4i). Thus, (i, j, f0) = (3, 14, 42), (7, 6, 42), (8, 6, 24), (9, 6, 18) using Prop. 3.1. Therefore,
(n, [pn11 , . . . , p
nℓ
ℓ ]) = (42, [3
1, 142]), (42, [71 , 62]), (24, [81 , 62]). This completes the proof.
We recall (from [4]) some combinatorial versions of truncation and rectification on maps.
Definition 3.3. Let W be an equivelar map on surface S. Let V (W ) = {u1, . . . , un}.
Consider a new set (of nodes) V := {vij : uiuj is an edge of W}. So, if vij ∈ V then i 6= j
& vji is also in V . Let E := {vijvji : vij ∈ V } ⊔ {vijvik : uj, uk are in a face containing
5
ui, 1 ≤ i ≤ n}. Then (V,E) is a graph on S. Thus (V,E) gives a map T (W ) on S. This
map T (W ) is said to be the truncation of W .
Definition 3.4. Let W be an equivelar map on surface S. Let V (W ) = {u1, . . . , un}.
Consider the graph (V,E), where V is the edge set E(W ) of W and E := {ef : e, f are two
adjacent edges in a face of W}. Then (V,E) is a graph on S. Thus (V,E) gives a map say
R(X) on S, which is said to be the rectification of W .
Proposition 3.5. Let X & T (X) be as in Definition 3.3. Then, if X is semiequivelar of
type [qp] (resp., [p1, q1, p1, q1]), then T (X) is also semiequivelar & of type [p1, (2q)2] (resp.,
[41, (2p)1, (2q)1]).
Proposition 3.6. Let X & R(X) be as in Definition 3.4. Then, if X is semiequivelar of
type [qp] (resp., [p1, q1, p1, q1]), then R(X) is also semiequivelar and of type [p1, q1, p1, q1]
(resp., [41, p1, 41, q1]).
Proposition 3.7. ([7]) There does not exist semiequivelar map of type [31, 53] on the surface
of Euler characteristic −1.
Proposition 3.8. ([11]) Let X be a semi-equivelar map of type [pn11 , . . . , p
nk
k ] on the surface
of Euler characteristic −1. Then, [pn11 , . . . , p
nk
k ] 6= [3
4, 81], [31, 61, 41, 61], [32, 41, 31, 61], [43, 61]
& [41, 81, 121].
Lemma 3.9. There does not exist semiequivelar map of type [32, 41, 31, 51] on the surface
of Euler characteristic -1 with 20 vertices .
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Figure 2: Example of lk(v) of type [32, 41, 31, 51] added new graph
Proof. Let K be a map of type [32, 41, 31, 51] on the surface of χ = −1. Let V (K), F3(K),
F4(K), F5(K) be vertex set, 3-gon face set, 4-gon face set and 5-gon face set respec-
tively. Then |V (K)| = 20, |F3(K)| = 20, |F4(K)| = 5 and |F5(K)| = 4. Let V (K) =
{1, 2, 3, ..., 20}. We write lk(v) by the notation lk(v) = C8([v1, v2, v3, v4], [v5, v6, v7], v8)
where ’[ ]’ to indicate [v, v1, v2, v3, v4] form a 5-gon face, [v, v5, v6, v7] form a 4-gon face
and [v, v4, v5], [v, v7, b8], [v, v1, v8] form 3-gon faces, see Fig. 2. Therefore always edges
[v1, v8], [v7, v8] will adjacent to 4-gon and 5-gon respectively. Without loss of general-
ity, let lk(1) = C8([2, 3, 4, 5], [6, 7, 8], 9), then lk(2) = C8([3, 4, 5, 1], [9, a, b], c), lk(9) =
C8([8, a1, a2, a3], [a, b, 2], 1), lk(8) = C8([a1, a2, a3, 9], [1, 6, 7], a4). Therefore without loss of
generality, we can assume (a1, a2, a3) = (10, 11, 12), (a, b, c) = (13, 14, 15) and a4 = 16.
Now lk(15) = C8([14, a6, a7, a8], [a9, a10, 3], 2), lk(14) = C8([a6, a7, a8, 15], [2, 9, 13], a5),
lk(7) = C8([a12, a13, a14, a4], [8, 1, 6], a11) and lk(13) = C8([a17, a16, a15, a5], [14, 2, 9], 12).
Let α = [1, 2, 3, 4, 5], β = [8, 9, 12, 11, 10], γ = [14, 15, a8, a7, a6], δ = [13, a5, a15, a16, a17],
6
η = [7, a12, a13, a14, 4]. Then there are two cases, one is F5(K) = {α, β, γ = η, δ} and other
is F5(K) = {α, β, γ, δ = η}.
Case 1. F5(K) = {α, β, γ = η, δ} implies {a6, a7, a8} = {7, 16, 17}, {a12, a13, a14} =
{14, 15, 17} and {a5, a15, a16, a17} = {6, 18, 19, 20}. By considering lk(7), we see that a6 6= 7
and a5, a17 6= 6, so with out loss of generality we can assume a5 = 18, a17 = 19, therefore
a11 ∈ {19, 20}. If a11 = 19 then a16 = 6, a15 = 20 and lk(19) = C8([6, 20, 18, 13], [12, a18 ,
a12], 7), which implies a12 ∈ {15, 17}. If a12 = 17 then remaining 4-gons are [12, 19, 17, a18 ],
[3, 15, a9, a10], [18, a6, b1, b2] and we have [10, 16] adjacent to 4-gon, which make a con-
tradiction. Therefore a12 = 15 and then a18 = 3, (a9, a10) = (12, 19), (a13, a14) =
(14, 17), (a6, a7, a8) = (17, 16, 7). Now lk(3) = C8([4, 5, 1, 2], [15, 19, 12], 11), lk(12) =
C8([19, 8, 10, 11], [3, 15, 19], 13) and remaining two 4-gons are [10, 16, b1, b2] and [4, 11, b3, b4]
and {b1, b2, b3, b4} = {5, 17, 18, 20}. But none of b3, b4 is 5, therefore one of b1, b2 is 5.
Now lk(11) = C8([12, 9, 8, 10], [b3 , b4, 4], 3), lk(4) = C8([5, 1, 2, 3], [11, b3 , b4], a19) which
implies a19 ∈ {10, 16}, b4 ∈ {11, 17}. From here we see that b4 = 17, a19 = 19, b1 = 5
which contradict to lk(16), therefore a11 = 20. Now either a6 = a12 or a6 6= a12. If
a6 6= a12 then [3, 15, a9, a10], [18, a6, b1, b2], [10, a12, b3, b4] are distinct 4-gons and we have
[10, 16], [12, 19] are adjacent to 4-gons, which make contradiction. Therefore a6 = a12 = 17
and then (a13, a14) = (14, 15), (a7, a8) = (7, 16) and remaining 4-gons are [3, 15, a9, a10],
[17, 18, b1 , 20], [10, 16, b2, b3]. Therefore {a9, a10} = {12, 19}, {b1, b2, b3} = {4, 5, 11} which
implies one of b2, b3 is 11. By considering lk(6), we get b1 = 5, therefore {b2, b3} =
{4, 11} and {a15, a16} = {6, 20}. Now lk(6) = C8([18, 13, 19, 20], [7, 8, 1], 5) and lk(18) =
C8([13, 19, 20, 6], [5, 20, 17], 14), this implies C(7, 16, 15, 14, 18, 5, 20) ∈ lk(17), a contradic-
tion.
Case 2. F5(K) = {α, β, γ, δ = η} then one of a6, a7, a8 is 6 and {a12, a13, a14} =
{13, 18, 19}, {a6, a7, a8} = {6, 17, 20} and {a15, a16} = {7, 16}. This implies a13 = 13,
{a12, a14} = {18, 19} and a11 ∈ {15, 17, 20}. Since [12, 19] is adjacent to 4-gon, therefore
if a12 = 19 then lk(19) will not possible, so a12 = 18, a14 = 19 and a15 = 7, a16 = 16.
Now remaining three distinct 4-gons are [10, 16, b1, b2], [19, 12, b3, b4], [18, a6, b5, a11] and we
also have another incomplete 4-gon [3, 15, a9, a10]. Therefore either {b1, b2} = {3, 15} or
{b3, b4} = {3, 15} and b5 = 11, a6 ∈ {17, 20}. Since [6, a11] is adjacent to 5-gon, therefore
a11 6= 4, 5 which implies [4, 5] is adjacent to 4-gon, make a contradiction.
Proof of Theorem 1.4. Let X be an n-vertex map on the surface of Euler char. χ = −1
of type [pn11 , . . . , p
nℓ
ℓ ]. Then by Lemma 3.2, (n, [p
n1
1 , . . . , p
nℓ
ℓ ]) = (12, [3
5, 41]), (42, [34 , 71]),
(20, [32, 41, 31, 51]), (12, [31, 41, 31, 42]), (24, [34, 81]), (42, [31, 41, 71, 41]), (24, [31, 41, 81, 41]),
(15, [31, 53]), (12, [31, 61, 41, 61]), (21, [31, 71, 31, 71]), (84, [41, 61, 141]), (48, [41, 61, 161]), (40,
[41, 81, 101]), (24, [62, 81]), (42, [31, 142]), (42, [71 , 62]), (20, [43, 51]).
[pn11 , . . . , p
nℓ
ℓ ] 6= [3
4, 81], [31, 61, 41, 61], [32, 41, 31, 61], [43, 61] and [41, 81, 121] by Prop. 3.8,
[pn11 , . . . , p
nℓ
ℓ ] 6= [3
1, 53] by Prop. 3.7, and [pn11 , . . . , p
nℓ
ℓ ] 6= [3
2, 41, 31, 51] by Lemma 3.9.
If [pn11 , . . . , p
nℓ
ℓ ] = [3
1, 41, 31, 42], [35, 41], [31, 41, 81, 41], [62, 81] or [41, 61, 161] then we
know the list of maps from Prop. 1.2, 1.3 & 1.1. If [pn11 , . . . , p
nℓ
ℓ ] = [4
3, 51] then we know
the list of maps from Lemma 4.1.
Let [pn11 , . . . , p
nℓ
ℓ ] = [3
4, 71]. Then X is a map of type [34, 71]. Let F7 in X be a 7-gon.
Let W1,W2, . . . ,W21 be the triangles which are incident with F7. Without loss, assume
that W1 ∩ F7 is an edge. Then, Wi ∩ F7 is an edge for each i = 4, 7, 10, . . . , 19. Observe
that W1 ∪W21,Wi−1 ∪Wi, i = 4, 7, 10, . . . , 19 are triangulated squares with common edges
W1 ∩ W21,Wi−1 ∩ Wi, i = 4, 7, 10, . . . , 19 respectively. We consider squares by removing
edges W1 ∪W21,Wi−1 ∪Wi, i = 4, 7, 10, . . . , 19 in X. Again, consider the incident 7-gons
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with the squares in X and repeat as above for each 7-gon, and continue. Thus, we get a
new polyhedral map Y (say) of type [31, 41, 71, 41] on 42 vertices. In Y , the triangles are
disjoint and have common edges with squares. We collapse each triangle in Y to a vertex.
So, we get a map of type [73] and hence, a map of type [37] by dual. It’s easy to observe
that there does not exist map of type [37] on the surface of χ = −1. So, there is no map of
type [73]. Hence, [pn11 , . . . , p
nℓ
ℓ ] 6= [3
4, 71], [31, 41, 71, 41]. Similarly, [pn11 , . . . , p
nℓ
ℓ ] 6= [3
1, 142]
since, by collapsing triangles to vertices, we get a map of type [73].
Let [pn11 , . . . , p
nℓ
ℓ ] = [3
1, 71, 31, 71]. We apply reverse process of the process of rectification
(see the rectification process in Prop. 3.6) in X. Hence, we get a map of type [73] from a
map of type [31, 71, 31, 71]. So, [pn11 , . . . , p
nℓ
ℓ ] 6= [3
1, 71, 31, 71] since there is no map of type
[73] on the surface of χ = −1. If [pn11 , . . . , p
nℓ
ℓ ] = [4
1, 61, 141] then by collapsing squares to
vertices, we get a map of type [31, 71, 31, 71]. So, [pn11 , . . . , p
nℓ
ℓ ] 6= [4
1, 61, 141].
Apply reverse process of Prop. 3.5, and hence, [pn11 , . . . , p
nℓ
ℓ ] 6= [7
1, 62] as [pn11 , . . . , p
nℓ
ℓ ] 6=
[37].
Let (n, [pn11 , . . . , p
nℓ
ℓ ]) = (40, [4
1, 81, 101]). Assume that X is a map of type [41, 81, 101].
Let F be a square in X. Let F8, F10, F
′
8, F
′
10 denote the adjacent faces with the square F in
X. Clearly, F8, F10, F
′
8, F
′
10 are disjoint since faces of same type are disjoint in X. Thus, we
get a map Y after collapsing each square to a vertex. Let xF denote the vertex in Y related
to the face F that defined by collapsing the face F . Clearly, the vertices in the face-cycle
of the vertex xF must be distinct since F8, F10, F
′
8, F
′
10 are disjoint in X. So, the map Y
contains at least 11 vertices since the vertices in the face-cycle of xF contains at least 11
vertices, a contradiction since n(Y ) = 10. So, [pn11 , . . . , p
nℓ
ℓ ] 6= [4
1, 81, 101].
4 Proof of Theorems 1.5 and 1.6
Lemma 4.1. Let K be a semiequivelar map of type [43, 51] on the surface of Euler charac-
teristic -1. Then, K is isomorphic to K1, K2 or K3.
v
v1
v2
v3
v4
v5
v6
v7
v8
v9
Polyhedral
v4
v5
v6
v7
v8
v9
v1
v2
v3
lk(v)
Figure 3: Example of lk(v) of type [43, 51] added new graph
Proof. Let V (K), F4(K), F5(K) be vertex set, 4-gon face set and 5-gon face set respectively.
Then |V (K)| = 20, |F4(K)| = 15 and |F5(K)| = 4. Let V (K) = {1, 2, . . . , 20}. We write
lk(v) by the notation lk(v) = C9([v1, v2, v3], [v3, v4, v5], [v5, v6, v7], [v7, v8, v9, v1]) where ’[ ]’
to indicate [v, v1, v9, v8, v7] form a 5-gon face and [v, v1, v2, v3], [v, v3, v4, v5], [v, v5, v6, v7]
form 4-gon faces, see Fig. 3. Without loss of generality, let lk(1) = C9([2, 3, 4], [4, 5, 6], [
6, 7, 8], [8, 9, 10, 2]) and lk(2) = C9([1, 4, 3], [3, a, b], [b, c, 10], [10, 9, 8, 1]).
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If b = 5 then either a = 6 or c = 6. Now consider a = 6. Then lk(5) = C9([4, 1, 6], [6, 3,
2], [2, 10, 3], [c, a1 , b1, 4]) and lk(6) = C9([3, 2, 5], [5, 4, 1], [1, 8, 7], [7, a2 , b2, 3]). So without
loss, assume (c, a1, b1) = (11, 12, 13) and (a2, b2) = (14, 15). Therefore lk(3) = C9([6, 2, 5
], [5, 1, 4], [4, 13, 15], [15, 14, 7, 6]), lk(4) = C9([5, 6, 1], [1, 2, 3], [3, 15, 13], [13, 12, 11, 5]), lk(7
) = C9([6, 1, 8], [8, a4 , a5], [a5, a6, 14], [14, 15, 3, 6]), lk(8) = C9([1, 6, 7], [7, a5 , a4], [a4, a7, 9
], [9, 10, 2, 1]), lk(10) = C9([2, 5, 11], [11, a8 , a9], [a9, a10, 9], [9, 8, 1, 2]), lk(11) = C9([5, 2,
10], [10, a9 , a8], [a8, a11, 12], [12, 13, 4, 5]), lk(13) = C9([4, 3, 15], [15, a12 , a13], [a13, a14, 12], [
12, 11, 5, 4]), lk(15) = C9([3, 4, 13], [13, a13 , a12], [a12, a15, 14], [14, 7, 6, 3]), lk(12) = C9([13,
a13, a14], [a14, d1, a11], [a11, a8, 11], [11, 5, 4, 13]), lk(9) = C9([8, a4, a7], [a7, d2, a10], [a10, a9, 10
], [10, 2, 1, 8]) and lk(14) = C9([15, a12, a15], [a15, d3, a6], [a6, a5, 7], [7, 6, 3, 15]), which implies
a5 ∈ {11, 12} ∪N and a9 ∈ {14, 15} ∪N where N = {16, 17, 18, 19, 20}.
If a5 = 11, then by considering lk(10) and lk(11), we get a4 = 12, a6 = 10 and then
a15 = a10 = 16, a7 = a14 = 17, a12 = 18. Now vertices of remaining 5-gon are 16, 17, 18,
19, 20 and we have [9, 16, d2, 17] is a face, which make a contradiction.
If a5 = 12 then either a11 = 7 or a14 = 7. a11 = 7 implies {a8, d1} = {8, 14}. If
(a8, d1) = (8, 14) then a4 = 11 and then from lk(11) we get a9 = 9, a7 = 10, which is
a contradiction, therefore (a8, d1) = (14, 8). Now from lk(14) we get a6 = 11, a9 = a15,
d3 = 10, so without loss, we can assume a9 = 16. Therefore lk(16) = C9([a10, 9, 10], [
10, 11, 14], [14, 15, a12 ], [a12, b1, b2, a10]), this implies a12 = 17, [a10 = 20], (b1, b2) = (18, 19)
and then after completing lk(17) we see that lk(9) will not possible. a14 = 7 implies
{a13, d1} = {8, 14}. If (a13, d1) = (8, 14) then a4 = 13, a14 = 7, a12 = 9, a7 = 15. Now
we have twelve vertices remain to complete link of 16, 17, 18, 19, 20, which is not possible,
therefore (a13, d1) = (14, 8) and then a6 = 13, a14 = 7 and a4 = a11. So a4 must be
a new vertex , say 16. Now lk(16) = C9([a8, 11, 12], [12, 7, 8], [8, 9, a7 ], [a7, b1, b2, a8]). So
without loss, assume (a7, a8, b1, b2) = (17, 18, 19, 20) and then after completing lk(20), we
get a9 /∈ V (K). Therefore a5 6= 12.
Hence a5 = 16 and from lk(8), lk(11) and lk(13) we have a4 ∈ {12, 17}. If a4 = 12
then either a11 = 8 or a14 = 8. a11 = 8 implies [12, a11, d1, a14] = [12, 8, 7, 16] and a8 = 9,
a7 = 11, which implies [9, 11, 10, a9 ], [9, 10, a9, a10] ∈ F4(K) which is not possible, therefore
a14 = 8. Then [12, a14, d1, a11] = [12, 8, 7, 16] and a13 = 9, a7 = 13, d2 = 15, a10 = a12,
which implies a10 ∈ {14, 17}. a10 = 14 implies a12 = 13, a15 = 9, d3 = 10, a6 = a9 = 17.
Now lk(16) = C9([17, 14, 7], [7, 8, 12], [12, 11, 20], [20, 19, 18, 17]) i.e. a8 = 20, a11 = 16
which implies C(10, 11, 12, 16, 17) ∈ lk(20), a contradiction, therefore a10 = 17. Now lk(17
) = C9([a9, 10, 9], [9, 13, 15], [15, 14, a15 ], [a15, b1, b2, a9]) which implies {a9, a15} = {16, 18}.
But a15 6= 16 as then [14, 15, 16, 17], [7, 14, a6 , 16] ∈ F4(K), which is not possible and a9 6= 16
as then lk(16) will not possible, therefore a4 6= 12 i.e. a4 = 17. Now lk(16) = C9([
17, 8, 7], [7, 14, a6 ], [a6, d4, 20], [20, 19, 18, 17]) and lk(17) = C9([16, 7, 8], [8, 9, a7 ], [a7, d5, 18
], [18, 19, 20, 16]). So a6 = 9 which implies [9, a10, d2, a7] = [9, 16, 7, 14] and a9 = 20, d4 = 10,
a15 = 17, d3 = 8, a7 = 14, a12 = 18, d5 = 15. Now lk(20) = C9([16, 9, 10], [10, 11, a8
], [a8, d6, 19], [19, 18, 17, 16]) i.e. a8 = 12 and then lk(18) = C9([17, 14, 15], [15, 13, a13 ], [
a13, d7, 19], [19, 20, 16, 17]) which implies a13 /∈ V (K). So a6 6= 9 and therefore a 6= 6 for
b = 5. In the similar manner we see that c 6= 6 for b = 5 and therefore b 6= 5.
So without loss, we assume b = 11 and then (a, c) ∈ {(5, 7), (7, 5), (5, 12), (7, 12), (12, 5),
(12, 7), (12, 13)}. (a, c) = (7, 12) is isomorphic to (a, c) = (12, 5) under the map (1 2)(3 4)
(7 12)(8 10), see [5].
Case 1 ((a, c) = (5, 7)). [5, 6] will adjacent to 5-gon, as if [6, 7] is adjacent to 5-gon
then lk(11) will not possible. Now lk(5) = C9([6, 1, 4], [4, a1 , 11], [11, 2, 3], [3, a2 , a3, 6]),
lk(7) = C9([8, 1, 6], [6, a4 , 10], [10, 2, 11], [11, a5 , a6, 8]) and lk(11) = C9([7, 10, 2], [2, 3, 5], [
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5, 4, a5], [a5, a6, 8, 7]) which implies a1 = a5 = 12. From lk(4) we see that [1, 4] can not be
adjacent to 5-gon, therefore [4, 11] will adjacent to 5-gon which implies a6 = 4 and then
C(5, 11, 7, 8) ∈ lk(12), is a contradiction.
Case 2 ((a, c) = (7, 5)). [5, 6] is not adjacent to 5-gon as then lk(7) will not possible, there-
fore [6, 7] and [4, 5] are adjacent to 5-gon. Now lk(5) = C9([4, 1, 6], [6, a1 , 10], [10, 2, 11], [11,
a2, a3, 4]) which implies lk(7) = C9([6, 1, 8], [8, a4 , 11], [11, 2, 3], [3, a5 , a6]) and lk(11) = C9([
5, 10, 2], [2, 3, 7], [7, 8, a2 ], [a2, a3, 4, 5]) and therefore a2 = a4 = 12 and lk(8) = C9([1, 6, 7], [7,
11, 12], [12, a7 , 9], [9, 10, 2, 1]), lk(12) = C9([11, 7, 8], [8, 9, a7 ], [a7, a8, a3], [a3, 4, 5, 11]) which
implies a3 = 13. Now a5, a6 must be two new vertices , so let a5 = 14, a6 = 15. Now
lk(6) = C9([7, 8, 1], [1, 4, 5], [5, 10, 15], [15, 14, 3, 7]) i.e. a1 = 15. From here we see that
a7 ∈ {14, 16} and [a7, a8] is adjacent to 5-gon. If a7 = 14 then after completing lk(14)
and lk(3) we see that lk(4) will not possible, therefore a7 = 16. Without loss of generality,
assume [16, 17, 18, 19, 20] ∈ F5(K) and a8 = 17. Then lk(16) = C9([17, 13, 12], [12, 8, 9
], [9, a9, 20], [20, 19, 18, 17]), lk(9) = C9([, 12, 16], [16, 20, a9 ], [a9, 15, 10], [10, 2, 1, 5]), lk(10
) = C9([2, 11, 5], [5, 6, 15], [15, a9 , 9], [9, 8, 1, 2]) and lk(3) = C9([7, 11, 2], [2, 1, 4], [4, a10 , 14], [
14, 15, 6, 7]). As we have [16, 20] adjacent to a 5-gon, therefore [a9, 15] will adjacent to a
5-gon. So a9 = 14 and then after completing lk(14) we see that lk(4) will not possible.
Case 3 ((a, c) = (5, 12)). If [5, 6] adjacent to 5-gon then lk(5) = C9([6, 1, 4], [4, a1 , 11], [
11, 2, 3], [3, a2 , a3, 6]) which implies [4, 5] to 5-gon, which is not possible, therefore [6, 7] is
adjacent to 5-gon. Now lk(5) = C9([4, 1, 6], [6, a1 , 3], [3, 2, 11], [11, a2 , a3, 4]), lk(6) = C9([
7, 8, 1], [1, 4, 5], [5, 3, a1 ], [a1, a4, a5, 7]) and lk(3) = C9([a1, 6, 5], [55, 11, 2], [2, 1, 4], [4, b1 , b2,
a1]) which implies [6, 7, a5, a4, a1] = [3, 4, b1, b2, a1], is a contradiction.
Case 4 ((a, c) = (7, 12)). [6, 7] is adjacent to 5-gon as if [5, 6] adjacent to 5-gon then lk(7)
will not possible. Now lk(6) = C9([7, 8, 1], [1, 4, 5], [5, a1 , a2], [a2, a3, a4, 7]) and from lk(7),
we get a4 ∈ {3, 11}.
Case 4.1 (a4 = 3). Then lk(7) = C9([6, 1, 8], [8, a5 , 11], [11, 2, 3], [3, a3 , a2, 6]), lk(3) = C9([
7, 11, 2], [2, 1, 4], [4, a6 , a3], [a3, a2, 6, 7]), lk(4) = C9([5, 6, 1], [1, 2, 3], [3, a3 , a6], [a6, a7, a8, 5])
and lk(11) = C9([12, 10, 2], [2, 3, 7], [7, 8, a5 ], [a5, a9, a10, 12]). From here we see that two
5-gon [3, 7, 6, a2, a3] and [11, 12, a10 , a9, a5] are not same, therefore a2 = 13, a3 = 14. Now
lk(8) = C9([1, 6, 7], [7, 11, a5 ], [a5, a11, 9], [9, 10, 2, 1]) and lk(a5) = C9([11, 7, 8], [8, 9, a11 ], [
a11, a12, a9], [a9, a10, 12, 11]) which implies a5 = 15. Now two 4-gons [4, 5, a8, a7, a6] and
[11, 12, a10 , a9, 15] are either same of distinct.
Case 4.1.1. If [4, 5, a8, a7, a6] and [11, 12, a10 , a9, 15] are same then {a6, a7, a8} = {11, 12,
15}, {a9, a10} = {4, 5} and [16, 17, 18, 19, 20] is a 5-gon face. If (a9, a10) = (4, 5) then
(a6, a7, a8) = (15, 11, 12), a11 = 14, a12 = 3 and then lk(14) = C9([3, 4, 15], [15, 8, 9], [9, a13 ,
13], [13, 6, 7, 3]), lk(9) = C9([8, 15, 14], [14, 13, a13 ], [a13, a14, 10], [10, 2, 1, 8]) and lk(13) =
C9([14, 9, a13], [a13, a15, a1], [a1, 5, 6], [6, 7, 3, 14]). From here we see that a1 ∈ {12, 16}. But if
a1 = 12 then after completing lk(12) we get C(9, 14, 13, 12, 10) ∈ lk(a13), is a contradiction,
therefore a1 = 16. This implies a13 = 12 and then after completing lk(12), lk(5) will not
possible. Therefore (a9, a10) = (5, 4) and then (a6, a7, a8) = (12, 11, 15). Now lk(5) = C9([
4, 1, 6], [6, 13, a12 ], [a12, a11, 15], [15, 11, 12, 4]) which implies a1 = a12 = 16 and a11 = 17.
Now lk(17) = C9([16, 5, 15], [15, 8, 9], [9, a13 , 18], [18, 19, 20, 16]) and lk(9) = C9([8, 15, 17], [
17, 18, a13 ], [a13, a14, 10], [10, 2, 1, 8]) and from here we see that for any a13, lk(a13) will not
possible.
Case 4.1.2. If [4, 5, a8, a7, a6] and [11, 12, a10 , a9, 15] are distinct then without loss of gen-
erality, let (a6, a7, a8, a9, a10) = (16, 17, 18, 19, 20) and then a11 ∈ {13, 17, 18} and lk(5
10
) = C9([4, 1, 6], [6, 13, a1 ], [a1, a13, 18], [18, 17, 16, 4]). a11 = 13 implies a1 = 9, a12 = 14 and
then lk(9) = C9([8, 15, 13], [13, 6, 5], [5, 18, 10], [10, 2, 1, 8]) i.e. a13 = 10. Now lk(10) =
C9([2, 11, 12], [12, a14 , 18], [18, 5, 9], [9, 8, 1, 2]), lk(14) = C9([3, 4, 16], [16, a15 , 19], [19, 15, 13
], [13, 6, 7, 3]), lk(18) = C9([5, 9, 10], [10, 12, a14 ], [a14, a16, 17], [1, 16, 4, 5]) and lk(12) = C9([
11, 2, 10], [10, 18, a14 ], [a14, a17, 20], [20, 19, 15, 11]) which implies a14 /∈ V (K). If a11 = 17
then a12 ∈ {16, 18}. a12 = 16 implies lk(16) = C9([17, 15, 19], [19, a14 , 14], [14, 3, 4], [4, 5,
18, 17]), lk(17) = C9([16, 19, 15], [15, 8, 9], [9, a15 , 18], [18, 5, 4, 16]), lk(9) = C9([8, 15, 17
], [17, 18, a15 ], [a15, a16, 10], [10, 2, 1, 8]), lk(19) = C9([15, 17, 16], [16, 14, a14 ], [a14, a17, 20], [
20, 12, 11, 15]) which implies a15 = 20 and then C(11, 2, 1, 8, 9, 20, 12) ∈ lk(10), which is a
contradiction. Similarly a12 6= 18. If a11 = 18 then a12 = 5 as if a12 = 17, after completing
lk(18), we get a1 = 10 which implies lk(10) will not possible. Now a1 = 19, a13 = 15 and
lk(18) = C9([5, 19, 15], [15, 8, 9], [9, a14 , 17], [17, 16, 4, 5]), lk(19) = C9([15, 18, 5], [5, 6, 13], [
13, a15, 20], [20, 12, 11, 15]) and lk(9) = C9([8, 15, 18], [18, 17, a14 ], [a14, a16, 10], [10, 2, 1, 8])
which implies a14 /∈ V (K).
Case 4.2 ((a4 = 11)). Then lk(7) = C9([6, 1, 8], [8, a5 , 3], [3, 2, 11], [11, a3 , a2]), lk(3
) = C9([4, 1, 2], [2, 11, 7], [7, 8, a5 ], [a5, a6, a7, 4]), lk(11) = C9([7, 3, 2], [2, 10, 12], [12, a7 , a3], [
a3, a2, 6, 7]) and lk(4) = C9([3, 2, 1], [1, 6, 5], [5, a8 , 17], [17, 16, 15, 3]), this implies (a2, a3) =
(13, 14) and (a5, a6, a7) = (15, 16, 17). From here we see that [5, a1] and [12, a7] adjacent
to same 5-gon and vertices of this 5-gon are 5, 12, 18, 19, 20 and a1 6= 12, a7 6= 5, so
[5, 18, 19, 12, 20] form a face and therefore a1 = 18, a8 = 20. Now after completing lk(5),
lk(8), lk(15), lk(19) and lk(12) respectively, we get C(1, 8, 9, 19, 12, 11, 2) ∈ lk(10), which
is a contradiction.
Case 5 ((a, c) = (12, 7)). Then [6, 7] will adjacent to 5-gon as if [5, 6] is adjacent to 5-gon
then lk(7) will not complete. Now lk(7) = C9([6, 1, 8], [8, a1 , 10], [10, 2, 11], [11, a2 , a3, 6]),
lk(10) = C9([2, 11, 7], [7, 8, a1 ], [a1, a4, 9], [9, 8, 1, 2]) and lk(8) = C9([1, 6, 7], [7, 10, a1 ], [a1, a5,
9], [9, 10, 2, 1]) which implies C(8, 7, 10, 9) ∈ lk(a1), which make a contradiction.
Claim 1. If lk(v) is like in Fig. 3, then v4, v5, v6 /∈ Vlk(v1)(K) and v2, v3, v4 /∈ Vlk(v7)(K),
where Vlk(v)(K) is the set of all vertices of lk(v).
The proof of the Claim 1 is clear from the above cases. Without that being mentioned,
we will often use this result in the next section of the proof.
Case 6 ((a, c) = (12, 13)). Then lk(8) = C9([1, 6, 7], [7, a1 , a2], [a2, a3, 9], [9, 10, 2, 1]), lk(10
) = C9([2, 11, 13], [13, a4 , a5], [a5, a6, 9], [9, 8, 1, 2]) and lk(9) = C9([10, a5, a6], [a6, a7, a3], [
a3, a2, 8], [8, 1, 2, 10]) which implies a2 ∈ {12, 13, 14}.
Case 6.1 (a2 = 12). Then by considering lk(3), we have a1 ∈ {3, 11}. a1 = 3 implies
lk(3) = C9([7, 8, 12], [12, 11, 2], [2, 1, 4], [4, a8 , a9, 7]) and lk(12) = C9([a3, 9, 8], [8, 7, 3], [3, 2,
11], [11, a10 , a11, a3]). Therefore [3, 4, a8, a9, 7] and [11, 12, a3 , a11, a10] are distinct, which
means a3 = 14. Now lk(14) = C9([12, 8, 9], [9, a6 , a7], [a7, a12, a11], [a11, a10, 11, 12]), lk(11
) = C9([12, 3, 2], [2, 10, 13], [13, a13 , a10], [a10, a11, 14, 12]), lk(13) = C9([a5, a5, 10], [10, 2, 11
], [11, a10, a13], [a13, a14, a15, a4]) and lk(4) = C9([3, 2, 1], [1, 6, 5], [5, a16 , a8], [a8, a9, 7, 3]). So
[11, 12, 14, a11 , a10] and [13, a4, a15, a14, a13] are distinct faces and a10 ∈ {5, 15}. If a10 = 5
then either lk(5) = C9([11, 13, 4], [4, 1, 6], [6, a17 , a11], [a11, 14, 12, 11]) or lk(5) = C9([
11, 13, 6], [6, 1, 4], [4, a8 , a11], [a11, 14, 12, 11]). If lk(5) = C9([11, 13, 4], [4, 1, 6], [6, a17 , a11], [
a11, 14, 12, 11]) then a13 = 4 and two 5-gons [3, 4, a8, a9, 7], [13, a4, a15, a14, a4] are same i.e.
a14 = 3, a15 = 7. Without loss of generality, we can conclude a9 = 15, a11 = 17 and
[6, 17, 18, 19, 20] is a face, which contradict to lk(6), therefore lk(5) = C9([11, 13, 6], [6, 1, 4
], [4, a8, a11], [a11, 14, 12, 11]) and then [3, 4, a8, a9, 7] and [13, a4, a15, a14, 6] are distinct. Now
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we may suppose that (a4, a8, a9, a11, a14, a15) = (15, 16, 17, 18, 19, 20) and then after com-
pleting lk(7), lk(6) will not possible. Therefore a10 = 15, which conclude that a10 = 15 and
a8 ∈ {13, 16}. If a8 = 13 implies a4 = 4, a5 = 5, a16 = 10, a15 = 3, a14 = 7 and with-
out loss of generality, we may assume that (a6, a9, a11, a17a18) = (16, 17, 18, 19, 20). Now
after completing lk(6), lk(7), lk(9), lk(14) and lk(16) respectively, we see that lk(17) is not
possible, therefore a8 = 16. lk(7) is not possible for a9 = 13, a9 = 17, a11 = 18. There-
fore lk(7) = C9([3, 12, 8], [8, 1, 6], [6, a18 , 17], [17, 16, 4, 3]) and lk(6) = C9([5, 4, 1], [1, 8, 7
], [7, 17, a18 ], [a18, a19, a20]). Therefore two faces [5, 6, a18, a19, a20] and [13, a4, a15, a14, a13]
are same, which conclude a18 = 19 and then lk(5) = C9([6, 4, 1], [1, 16, a16 ], [a16, a21, a20
], [a20, a19, 19, 6]) with a16 ∈ {15, 18}. a16 = 15 implies [15, a21] will adjacent to 5-gon,
therefore a21 = 18 and then after completing lk(15) and lk(18), we see that a6 = 14, make
contradiction. If a16 = 18 then [18, a21] will adjacent to 5-gon which implies a21 ∈ {14, 15}.
But for a21 = 14, 15, we acquire a5 = a6 and a13 = 19, respectively, which are not possible.
Therefore a1 6= 3 which conclude a1 = 11, a3 = 14. Now after completing lk(13), lk(7) and
lk(6) respectively, we obtain C(1, 2, 11, 12, 14, a11 , 4) ∈ lk(3), which make contradiction.
Case 6.2 (a2 = 13). Then lk(13) = C9([a3, 9, 8], [8, 7, 10], [10, 2, 11], [11, a8 , a9, a3]), lk(7
) = C9([a6, 9, 10], [10, 13, 8], [8, 1, 6], [6, a10 , a11, a6]) and lk(a3) = C9([13, 8, 9], [9, a6 , a7], [
a7, b1, a9], [a9, a8, 11, 13]) which indicate (a4, a5) = (8, 7), a1 = 10 and a6 = 14. Now lk(14
) = C9([7, 10, 9], [9, a3 , a7], [a7, a12, a11], [a11, a10, 6, 7]) which signify a3 = 13, a7 = 16 and
lk(16) = C9([b1, a9, 15], [15, 9, 14], [14, a11 , a12], [a12, b2, b3, b1]), lk(6) = C9([7, 8, 1], [1, 4, 5], [
5, a13, a10], [a10, a11, 14, 7]) with a11 ∈ {3, 12, 17}. But for a11 = 3, 12, after completing lk(5),
lk(11), lk(12) respectively, lk(15) will not conceivable. Therefore a11 = 17 and a10 = 18,
which is also not conceivable as then after completing lk(5), lk(4) will not possible.
Case 6.3 ((a2 = 14)). Then a3 ∈ {12, 15}. If a3 = 12 then after calculating lk(12), lk(11),
lk(14) and lk(15) respectively, we come to a contradiction that a4 occur in two 5-gon,
therefore a3 = 15 which indicate a5 = 16, a6 = 17 and a4 ∈ {7, 18}. If a7 = 7 then after cal-
culating lk(7), lk(13), lk(11), lk(6) and lk(16) respectively, we observe that [5, 14, 13, 11, 17]
form a face which implies C(9, 17, 11, 13, 14, 15) ∈ lk(5), which is not conceivable, therefore
a4 = 18 and (a1, a7) ∈ {(12, 5), (12, 19), (18, 5), (18, 12), (18, 19), (19, 5), (19, 20)}.
Let a1 = 12 then if [4, 5] adjacent to 5-gon then after completing lk(12), lk(11) and
lk(14) respectively, we observe lk(7) is not possible, therefore [3, 4] is adjacent to 5-gon.
We have [2, 3, 12, 11] and [7, 8, 14, 12] are two faces, therefore [11, 12], [13, 18], [16, 17] are
adjacent to 5-gon. Now a7 6= 5 as then [5, 15], [5, 17] are not adjacent to 5-gon which
conclude lk(5) is not conceivable. Therefore (a1, a7) 6= (12, 5). For a7 = 19, if [6, 7] adjacent
to 5-gon then completing lk(12), lk(7) subsequently, lk(3) can not construct, similarly if
[7, 12] adjacent to 5-gon then lk(14) will not possible, therefore (a1, a7) 6= (12, 19). For
a1 = 18, if [6, 7] is adjacent to 5-gon then [15, a7] will adjacent to 5-gon which conclude
lk(16) will not conceivable, and similarly [5, 6] is not adjacent to 5-gon. Therefore (a1, a7) /∈
{(18, 5), (18, 12), (18, 19)} and so a1 = 19. Now if a7 = 5 then it will contradict to lk(4) or
lk(6) for any possible of lk(5), therefore (a1, a7) 6= (19, 5), so (a1, a7) = (19, 20) and then
either lk(3) = C9([4, 1, 2], [2, 11, 12], [12, a8 , a9], [a9, a10, a11, 4]) or lk(3) = C9([11, 12, 2], [
2, 1, 4], [4, a8 , a9], [a9, a10, a11, 12]).
Case 6.3.1. lk(3) = C9([4, 1, 2], [2, 11, 12], [12, a8 , a9], [a9, a10, a11, 4]) then lk(4) = C9([
3, 2, 1], [1, 6, 5], [5, a12 , a11], [a11, a10, a9, 3]) and a9 ∈ {14, 15, 16, 17, 18, 19, 20}. a9 = 14 in-
dicate {a8, a10} = {15, 19}. (a8, a10) = (15, 19) implies lk(14) = C9([19, 7, 8], [8, 9, 15
], [15, 12, 3], [3, 4, a11 , 19]) and lk(15) = C9([12, 3, 14], [14, 8, 9], [9, 17, 20], [20, a13 , a14, 12])
which conclude a11 = 18, a12 ∈ {13, 16}, {a13, a14} = {6, 7} and vertices of the re-
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maining 5-gon are 5, 11, 13, 16, 17. But (a13, a14) 6= (6, 7) as then lk(19) will not
possible, and if (a13, a14) = (7, 6) then completing lk(6), lk(7), lk(5), lk(11), lk(13),
lk(16), we obtain C(8, 14, 3, 4, 18, 20, 7) ∈ lk(19), which is not conceivable. Therefore
(a8, a10) = (19, 15). Now lk(14) = C9([15, 9, 8], [8, 7, 19], [19, 12, 3], [3, 4, a11 , 15]) and lk(15
) = C9([14, 8, 9], [9, 17, 20], [20, a13 , 11], [11, 4, 3, 14]) which indicate a11 = 18, a13 ∈ {13, 16}
and for any a13, [20, a13] will adjacent to 5-gon. If a13 = 13 then lk(13) = C9([20, 15, 18], [
18, 16, 10], [10, 2, 11], [11, a14 , a15]) which indicate [7, 19], [12, 19] are adjacent to same 5-gon,
so {a14, a15} = {6, 7} and vertices of the remaining 5-gon are 5, 12, 16, 17, 19. Now lk(
11) = C9([13, 10, 2], [2, 3, 12], [12, a16 , a14], [a14, a15, 20, 13]) which implies (a14, a15) = (6, 7)
and a16 = 5 and then we obtained following lk subsequently: lk(12) = C9([19, 14, 3
], [3, 2, 11], [11, 6, 5], [5, 16, 17, 19]), lk(19) = C9([12, 3, 14], [14, 8, 7], [7, 20, 17], [17, 16, 5, 12]),
lk(7) = C9([6, 1, 8], [8, 14, 19], [19, 17, 20], [20, 13, 11, 6]), lk(16) = C9([17, 9, 10], [10, 13, 18
], [18, 4, 5], [5, 12, 19, 17]), lk(18) = C9([4, 5, 16], [16, 10, 13], [13, 20, 15], [15, 14, 3, 4]), lk(5
) = C9([12, 11, 6], [6, 1, 4], [4, 18, 16], [16, 17, 19, 12]), lk(6) = C9([7, 8, 1], [1, 4, 5], [5, 12, 11], [
11, 13, 20, 7]), lk(20) = C9([7, 19, 17], [19, 9, 15], [15, 18, 13], [13, 11, 6, 7]) and lk(17) = C9([
16, 10, 9], [9, 15, 20], [20, 7, 19], [19, 12, 5, 16]). Let this be the semiequivelar map K1. If a13 =
16 then this map will isomorphic toK1 under the map (1 3)(2 4)(5 11)(6 12)(7 19)(8 14)(9 15)
(10 18)(13 16)(17 20).
a9 = 15 indicate {a8, a10} = {14, 20}, but if (a8, a10) = (14, 20) then completing lk(15),
lk(14), lk(12) subsequently, we see that lk(5) is not conceivable, therefore (a8, a10) =
(20, 14). Now after completing lk(14), lk(15), we obtain that lk(13) will not possible.
a9 = 16 implies {a8, a10} = {17, 18}. If (a8, a10) = (17, 18) then lk(16) = C9([3, 12, 17
], [17, 9, 10], [10, 13, 18], [18a11 , 4]) which indicate a11 = 19, a12 = 14 and then lk(14) =
C9([5, 4, 19], [19, 7, 8], [8, 9, 15], [15, a13 , a14, 5]), lk(17) = C9([12, 3, 16], [16, 10, 9], [9, 15, 20], [
20, a15, a16, 12]), lk(15) = C9([14, 8, 9], [9, 17, 20], [20, a17 , a13], [a13, a14, 5, 14]), lk(5) = C9([
14, 19, 4], [4, 1, 6], [6, a18 , a14], [a14, a13, 15, 14]), lk(12) = C9([17, 16, 3], [3, 2, 11], [11, a19 , a16
], [a16, a15, 20, 17]) which indicate (a17, a18) = (18, 12), (a13, a14) = (13, 11), (a15, a16) =
(7, 6), a19 = 5. Now we compute following link subsequently: lk(6) = C9([7, 8, 1], [
1, 4, 5], [5, 11, 12], [12, 17, 20, 7]), lk(7) = C9([6, 1, 8], [8, 14, 19], [19, 18, 20], [20, 17, 12, 6]), lk(
11) = C9([5, 6, 12], [12, 3, 2], [2, 10, 13], [13, 15, 14, 5]), lk(13) = C9([11, 2, 10], [10, 16, 18], [
18, 20, 15], [15, 14, 5, 11]), lk(18) = C9([16, 10, 13], [13, 15, 20], [20, 7, 19], [19, 4, 3, 16]), lk(19
) = C9([18, 20, 7], [7, 8, 14], [14, 5, 4], [4, 3, 16, 18]) and lk(20) = C9([7, 19, 18], [18, 13, 15], [
15, 9, 17], [17, 12, 6, 7]). Let this be the semiequivelar map K2. (a8, a10) = (18, 17) implies
lk(16) = C9([17, 9, 10], [10, 13, 18], [18, 12, 3], [3, 4, a11 , 17]) which indicate a11 = 19, a12 =
14. Now lk(19) = C9([4, 5, 14], [14, 8, 7], [7, 20, 17], [17, 6, 3, 4]), lk(17) = C9([16, 10, 9], [
9, 15, 20], [20, 7, 19], [19, 4, 3, 16]), lk(7) = C9([6, 1, 8], [8, 14, 19], [19, 17, 20], [20, a13 , a14, 6])
which conclude three vertices of the remaining 5-gon are 5,14,15, assume [5, 14, 15, b1 , b2]
be the face. Then lk(20) = C9([7, 19, 17], [17, 9, 15], [15, b1 , a13], [a13, a14, 6, 7]), lk(14
) = C9([15, 9, 8], [8, 7, 19], [19, 4, 5], [5, b2 , b1, 15]), lk(15) = C9([14, 8, 9], [9, 17, 20], [20, a13 ,
b1], [b1, b2, 5, 14]), lk(5) = C9([14, 19, 4], [4, 1, 6], [6, a14 , b2], [b2, b1, 15, 14]) and lk(6) = C9([
7, 8, 1], [1, 4, 5], [5, b2 , a14], [a14, a13, 20, 7]) which indicate {b1, b2, a13, a14} = {11, 12, 13, 18}.
b1 = 11 implies {b2, a13} = {12, 13}, a14 = 18. But for (b2, a13) = (12, 13), semiequivelar
map is isomorphic to K2 under the map (1 11 18 17 8 5 3 10 15 19) (2 13 20 7 6 12 16 9 14 4).
If (b2, a13) = (13, 12) then the semiequivelar map is isomorphic to the semiequivelar map
K1 under the map (1 10) (3 11) (4 13) (5 18)(6 16) (7 17) (8 9) (14 15) (19 20). b1 = 12
implies a14 = 13 and {b2, a13} = {11, 18}. For (b2, a13) = (11, 18), the semiequivelar map is
isomorphic to the semiequivelar map K2 under the map (1 14 6 19) (2 15 12 17) (3 9 11 20)
(4 8 5 7) (10 13 18 16). If (b2, a13) = (18, 11) then the semiequivelar map is isomorphic to
the semiequivelar map K1 under the map (1 8 9 10 2) (3 6 14 17 13) (4 7 15 16 11) (5 19 20
13
18 12). b1 = 13 implies a14 = 12 and {b2, a13} = {11, 18}. For (b2, a13) = (11, 18),
lk(11) = C9([5, 6, 12], [12, 3, 2], [2, 10, 13], [13, 15, 14, 5]), lk(12) = C9([6, 5, 11], [11, 2, 3], [
3, 16, 18], [18, 20, 7, 6]), lk(13) = C9([15, 20, 11], [11, 2, 10], [10, 16, 18], [18, 5, 14, 15]) and lk(
18) = C9([13, 10, 16], [16, 3, 12], [12, 6, 5], [5, 14, 15, 13]). Let this be the semiequivelar map
K3. For (b2, a13) = (18, 11), then semiequivelar map will isomorphic to the semiequivelar
map K2 under the map (1 8) (2 9) (3 15) (4 14) (5 19) (6 7) (11 17) (12 20)(13 16). b1 = 18
indicate a14 = 11 and {b2, a13} = {12, 13}. Under the map (1 2 10 9 8) (3 13 17 14 6)
(4 11 16 15 7) (5 12 18 20 19), the semiequivelar map for (b2, a13) = (12, 13) is isomorphic
to the semiequivelar map K3 and for (b2, a13) = (13, 12), is isomorphic to the semiequivelar
map K2.
a9 = 17 indicate {a8, a10} = {16, 20}. For (a8, a10) = (16, 20), This semiequivelar map
is isomorphic to the semiequivelar map K2 under the map (1 5) (2 14) (3 19) (7 12) (8 11)
(9 13) (10 15) (16 20) (17 18). For (a8, a10) = (20, 16), the semiequivelar map is isomorphic
to the semiequivelar map K1 under the map (1 9 2 8 10) (3 14 13 6 17) (4 15 11 7 16)
(5 20 12 19 18).
a9 = 18 indicates a14 ∈ {14, 15, 19, 20}. For any a14, semiequivelar maps will iso-
morphic to one of K1, K2 and K3 under one of the map of (1 18 6 13 5 15 12 8 16)
(2 19 9 3 7 10 4 20 11 14 17), (1 11 4 12) (2 5 3 6) (7 10 14 18) (8 13 19 16) (9 15 20 17),
(1 16 5 9 19 15 7 13) (2 3 12 11) (4 17 14 20 8 18 6 10), (1 10) (3 11) (4 13) (5 18)
(6 16) (7 17) (8 9) (14 15) (19 20), (1 3 19 6 2 14 5 11 8 4 12 7) (9 18 17 13) (10 15 16 20),
(1 15 2 14 10 5 17 12 7 18) (3 8 13 4 9 11 19 16 6 20), (1 2 10 9 8) (3 13 17 14 6) (4 11 16 15 7)
(5 12 18 20 19), (1 13 6 18) (2 11 12 3) (4 10 5 16) (7 20) (8 15) (9 14) (17 19), (1 2) (3 4)
(5 12) (6 11) (7 13) (8 10) (14 16) (15 17) (18 19), (1 7) (2 20 3 17) (4 19) (5 14) (6 8)
(9 11 15 12) (10 13 18 16), (1 14 20 16 2 5 7 9 13 12) (3 4 19 17 10 11 6 8 15 18), (1 8 9 10 2)
(3 6 14 17 13) (4 7 15 16 11) (5 19 20 18 12), (2 8) (3 7) (4 6) (9 10) (11 14) (12 19) (13 15)
(16 17) (18 20), (1 11 4 12) (2 5 3 6) (7 10 14 18) (8 13 19 16) (9 15 20 17), (1 7) (2 20 3 17)
(4 19) (5 14) (6 8) (9 11 15 12) (10 13 18 16).
For a9 = 19, 20, the semiequivelar map is isomorphic to the semiequivelar map for
a9 = 18 under the map (1 2) (3 4) (5 12) (6 11) (7 13) (8 10) (14 16) (15 17) (18 19) and
(1 2 10 9 8) (3 13 17 14 6) (4 11 16 15 7) (5 12 18 20 19) respectively.
Case 6.3.2. lk(3) = C9([11, 12, 2], [2, 1, 4], [4, a8 , a9], [a9, a10, a11, 12]). Then the semiequiv-
elar map is isomorphic to K2 under one of the map (1 10 8 2 9) (3 17 6 13 14) (4 16 7 11 15)
(5 18 19 12 20), (1 13 8 11 9 5 6 19 3 20) (2 15 6 10 14 12 17 4 18 7), (1 9) (2 10) (3 16)
(4 17) (5 20) (6 15)(7 14) (11 13) (12 18), (1 15 4 20) (2 13) (3 18) (5 17 6 9) (7 8 14 19)
(10 11) (12 16).
Lemma 4.2. Aut(K1) = 〈α1, α2〉 ∼= D2, Aut(K2) = 〈β〉 ∼= Z2, Aut(K3) = 〈γ1, γ2〉 ∼= D4,
where α1 = (1 3) (2 4) (5 11) (6 12) (7 19) (8 14) (9 15) (13 16) (10 18) (17 20), α2 = (1 6)
(2 11) (3 12) (4 5) (7 8) (9 20) (10 13) (14 19) (15 17) (16 18), β = (1 4) (2 3) (5 6) (7 14)
(8 19) (9 18) (10 16) (11 12) (13 17) (15 20), γ1 = (1 8) (2 9) (3 15) (4 14) (5 19) (6 7)
(11 17) (12 20) (13 16), γ2 = (1 5) (2 11) (3 12) (4 6) (7 19) (8 14) (9 15) (10 13) (16 18)
(17 20).
Proof. For a polyhedral complex K we define the graph Gi(K) (introduced in [5]) as follows:
V (Gi(K)) = V (K) and [u, v] ∈ EG(Gi(K)) if |N(u) ∩ N(v)| = i, where u, v ∈ V (K) and
N(v) = {u ∈ V (K) : u ∈ V (lk(v))}. Then EG(G6(K1)) = {[1, 11], [2, 6], [3, 5], [4, 12]},
EG(G6(K2)) = {[2, 16], [3, 10], [9, 13], [10, 15], [16, 20], [17, 18]}, EG(G6(K3)) = {[2, 16],
[3, 10], [9, 13], [10, 15], [11, 18], [12, 13], [16, 20], [17, 18]}. If f : K → K is an automorphism
map of K, then f is automorphism of Gi(K) as well. For this proof we denote lkK(v) as
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lk(v) of semiequivelar map K. It is clear that α1, α2 are automorphism maps of K1, β is
an automorphism map of K2 and γ1, γ2 are automorphism maps of K3.
Let φ : K1 → K1 be an automorphism map of K1, then from EG(G6(K1)), we have
{φ(1), φ(2), φ(3), φ(4), φ(5), φ(6), φ(11), φ(12)} = {1, 2, 3, 4, 5, 6, 11, 12}. If φ(1) = 1, then
φ = Identity which clearly is an automorphism map. If φ(1) = 2 then from EG(G6(K1)),
lkK1(1), lkK1(2), lkK1(5), lkK1(12), lkK1(9), we conclude φ = (1 2) (3 4) (5 12) (6 11) (7 13)
(8 10) (14 16) (15 17) (18 19), but φ([5, 12, 19, 17, 16]) = [12, 5, 18, 15, 14]. [5, 12, 19, 17, 16]
is a face but [12, 5, 18, 15, 14] is not a face, therefore it is not automorphism map. If
φ(1) = 3 then from EG(G6(K1)) and link of K1, we get φ = α1. If φ(1) = 4, then from
EG(G6(K1)), lkK1(1), lkK1(4), lkK1(7), lkK1(11), lkK1(12), lkK1(16), we get φ = (1 4) (2 3)
(5 6) (7 16) (8 18) (9 15 20 17) (10 14 13 19) (11 12), but φ([13, 18, 15, 20]) = [19, 8, 20, 17].
[13, 18, 15, 20] is a face but [19, 8, 20, 17] is not a face i.e. it is not an automorphism. Sim-
ilarly if φ(1) = 5 then φ = (1 5) (3 11) (2 12) (4 6) (7 18) (8 16) (9 17) (10 19) (13 14)
(15 20) = φ1 (say), φ(1) = 11 implies φ = (1 11) (2 6) (3 5) (4 12) (7 10) (8 13) (9 20)
(14 18) (16 19) = φ2 (say) and φ(1) = 6 implies φ = α2, φ(1) = 12 implies φ = α1 ◦ α2.
Now φ1([9, 10, 16, 17]) = [17, 19, 8, 9] and φ2([5, 12, 19, 17, 16]) = [3, 4, 16, 17, 19], however
[9, 10, 16, 17], [5, 12, 19, 17, 16] are faces, but [17, 19, 8, 9], [3, 4, 16, 17, 19] are not faces, which
indicate φ1, φ2 are not automorphism map. Therefore Aut(K1) = 〈α1, α2〉 and by GAP[6],
we have 〈α1, α2〉 ∼= D2 (Dihedral Group of order 4).
Let φ : K2 → K2 be an automorphism map of K2. Then from EG(G6(K2)) we have
{φ(10), φ(16)} = {10, 16}. From link of K2 and EG(G6(K2)), we obtain: for φ(10) = 10,
φ = Identity and for φ(10) = 16, φ = β. Therefore Aut(K2) = 〈β〉 ∼= Z2.
We have γ1, γ2 are automorphism map of K3. Therefore γ1◦γ2 = (1 19 6 14) (2 17 12 15)
(3 20 11 9) (4 7 5 8) (10 16) (18 13), (γ1 ◦ γ2)
2 = (1 6) (2 12) (3 11) (4 5) (7 8) (9 20)
(10 18) (13 16) (14 19) (15 17), (γ1 ◦ γ2)
3 = (1 14 6 19) (2 15 12 17) (3 9 11 20) (4 8 5 7)
(10 13 18 16), γ2 ◦ γ1 ◦ γ2 = (1 7) (2 20) (3 17) (4 19) (5 14) (6 8) (9 12) (10 18) (11 15),
γ1 ◦ γ2 ◦ γ1 = (1 4) (2 3) (5 6) (7 14) (8 19) (9 17) (10 16) (11 12) (13 18) (15 20) are
automorphism maps as composition of two automorphism map is an automorphism map.
From EG(G6(K3)) we have these are all possible maps, therefore Aut(K3) = 〈γ1, γ2〉 and
by GAP[6], we get 〈γ1, γ2〉 ∼= D4 (Dihedral Group of order 8).
Proof of Theorem 1.5. Let K be a semiequivelar map of type [43, 51] on the surface of Euler
characteristic -1. Then, K ∼= K1, K2 or K3 from Lemma 4.1, and K1 ≇ K2 ≇ K3 by Lemma
4.2. This completes the proof.
Proof of Theorem 1.6. By Theorem 1.5, K1,K2,K3 are the maps of type [4
3, 51] on the
surface of Euler char. -1. We also know from Lemma 4.2 that Aut(K1) = 〈α1, α2〉 ∼= D2,
Aut(K2) = 〈β〉 ∼= Z2, Aut(K3) = 〈γ1, γ2〉 ∼= D4, where α1 = (1 3) (2 4) (5 11) (6 12) (7 19)
(8 14) (9 15) (13 16) (10 18) (17 20), α2 = (1 6) (2 11) (3 12) (4 5) (7 8) (9 20) (10 13) (14 19)
(15 17) (16 18), β = (1 4) (2 3) (5 6) (7 14) (8 19) (9 18) (10 16) (11 12) (13 17) (15 20),
γ1 = (1 8) (2 9) (3 15) (4 14) (5 19) (6 7) (11 17) (12 20) (13 16), γ2 = (1 5) (2 11) (3 12)
(4 6) (7 19) (8 14) (9 15) (10 13) (16 18) (17 20). So, for each i, the number of vertex orbits
is more than one in Ki under Aut(Ki). Therefore, K1,K2,K3 are not vertex-transitive.
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